N
N

N

HAL

open science

[Re] Reproductive pair correlations and the clustering of
organisms

Coralie Picoche, William R Young, Frederic Barraquand

» To cite this version:

Coralie Picoche, William R Young, Frederic Barraquand. [Re] Reproductive pair correlations and the
clustering of organisms. The ReScience journal, 2022. hal-03871401

HAL Id: hal-03871401
https://hal.science/hal-03871401

Submitted on 25 Nov 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03871401
https://hal.archives-ouvertes.fr

RESCIENCE C

Edited by
Pierre de Buyl°

Reviewed by
Francesco Turci
Rajesh Singh

Received
24 August 2021

Published
13 May 2022

DOI
10.5281/zenodo.7244522

Replication / Ecology
[Re] Reproductive pair correlations and the clustering of

organisms

Coralie Picoche® ", William R. Young® ", and Frederic Barraquand °

Linstitute of Mathematics of Bordeaux, CNRS & University of Bordeaux, Talence, France — 2Scripps Institution of Oceanography,
University of California at San Diego, La Jolla, California, USA

Introduction

In the present work, we replicate the results of Young et al. 2001 “Reproductive pair
correlations and the clustering of organisms” [1], an analysis of the formation of aggre-
gates in an otherwise homogeneous environment mimicking marine small-scale hydro-
dynamics. Using an individual-based model of independent, random-walking particles
(also called “Brownian bugs”), they show that reproduction by fission in a turbulent [2]
and viscous flow leads to the formation of elongated clusters. Spatial patterns therefore
depart from the usual, homogeneous solution of the advection-diffusion-reaction equa-
tion for a large population.

Due to their size, phytoplankton organisms experience a mostly viscous environment in
a laminar shear field, with random but homogeneous changes in directions due to tur-
bulence [3, 4]. Reproduction and limited movement of daughter cells, which occur at
the phytoplankton scale, interact with these hydrodynamics processes and can lead to
aggregates. In this context, a better understanding of the interactions between demog-
raphy and small-scale hydrodynamics could provide further explanation for observed
spatial distribution of phytoplankton species, and perhaps even their coexistence. This
motivated us to revisit Young et al. 2001 [1].

In addition to replicating the numerical and mathematical results of Young et al. 2001,
we also wished to present the mathematical derivations that were missing from the orig-
inal paper, which should make this replication article more accessible to most readers,
especially those without a fluid mechanics background.

Brownian bug model

The Brownian bug model is defined as an individual-based model in continuous space
and time, here presented in its 2D formulation. For efficient computer simulation, it
is implemented in discrete time [1]. Each particle is characterized by the vector of its

T

Cartesian coordinates @ = and its original position on the y-axis at ¢ = 0 (a child

particle inherits this attribute), this last characteristic being used only for representation
purposes. Space is a L x L square with periodic boundary conditions. Each timestep,
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of duration 7, is divided into three substeps: (1) demographic processes, (2) diffusion,
and (3) advection.

Demographic processes take place during the first substep (1). Each organism has a fixed
probability (p) of reproducing, dying (g), or remaining unchanged (1 — p — ¢). When an
individual reproduces, a new organism appears on top of the parent. In the following,
p = q = 0.5. Diffusion is then modeled as a Brownian motion (2), i.e. &/(t) = x(t) +
dx(t) where each component of dz(t) follows a Gaussian distribution N(0, A) where
D = @—j is the diffusivity. The discrete-time Markov chain presented here approximates
the continuous-time Brownian bug model, which can be thought of as a spatial birth-
death or branching process (described in the Supplementary Material), step (1) being
referred to in Young et al. [1] as a Galton-Watson process. Finally, (3) the turbulent flow
governing advective stirring follows the Pierrehumbert random map [5].

ri(t+7) = 21(t) + (Ur/2) cos[kxh(t) + ¢(t)] 1)
2ot +7) = ab(t) + (Ur/2)cos[kxi(t + 7) + 0(t)) (2)

where ¢(t) and 6(t) are random phases uniformly distributed between 0 and 27, k = 27/L
and U is the stretching parameter.

Unless otherwise specified, each simulation is initialized with Ny = 20,000 particles
uniformly distributed in a 1 x 1 square and run for 1000 timesteps.

Pair density function G(r, t)

The pair density function G(x;, x;,t) is defined so that G(z;, z;,t)dA;dAs is the prob-
ability of finding a pair of Brownian bugs with one member in the area dA; around
x; and the other in the area dA, around x;. Defining £ = x; — x;, G(&,t) is actually
called the pair correlation function in [1]. The radial density function g(r,t) is defined
as G(&,t) = C2%g(r,t) where C is the concentration of bugs and r = [£|. As the pair
correlation disappears when r — oo, g — 1.

Derivation of G(r,t) — All details of the derivation of G(r,t) are to be found in the Supple-
mentary Material. We finally obtain:

0G _ 140 (410G N 1-4 9 [ a4419G
5 =2Dr 5 <7’ 5 +2A = )G +r 5 \" 5, +2XC6(¢)  (3)

where ) is the birth rate (p = A7) and p is the death rate (¢ = ur).

We focus on the case d = 2 and A = p, which means Eq. 3 can be reduced to

ac:zpa( aG) 7o (T38G

2 o \"ar ) trar ar)”m‘“@' @

The value of 7 is computed from simulations (see Supplementary Material).

Analytical solution with advection — CP and FB could only find the analytical solutions of
G(r,t) with and without advection with the indications of WY. In the presence of ad-
vection (y # 0), a steady-state solution can be found; without advection, there is no
steady-state and the solution changes through time. Let us first examine the steady-state
solution, given by:
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2D 9 ( 9G\ v [ 30G B
-~ or (a> +rar< ar> +2200(8) = 0
2D 0 (0G0 (400G B
0 oG 0 oG
21 <2D3r < o ) + o (T o )) + 27r2XCo (&) = 0. (5)

We can then integrate Eq. 5 over a small area centered on a particle, with radius p. Let
us first note that

/]R? o(x)dx = 1
o /0 " /0  5()5(0)rdrdd _ |
21 /OP d(r)rdr = 1. (6)

Using Eq. 5 and 6, we can integrate between 0 and p,

0 = 2DpaG + Wp?’% +2)\C
ap ap
oG _ _1_2C )
dp N 21 2Dp + yp3’

Eq. 7 can now be integrated between p and oo, knowing that G(c0) = C*:

1 [ 2XC

— —d
2r ), 2Dr +r3 "

C? = G(p) = -

=4D dr, the integral writes

Using the variable change u = 27’3 + ~, with du =

C2_|_/\C/’y 1

v p +’Y7“u—
_ 2 _

- C [lnu]2D+ ©)

o 25 (10— (2 4))
= C?+ 2% 1n (%).

G(p)

47rD

Finally, the pair correlation function g = G/C? is defined as

A 2D + yr?
g(r) = - DC In ( o ) + 1. (10)

Analytical solution without advection — When U = 0, v = 0 and there is no steady solution
in 2D. We can get back to Eq. 4:

% 2D8 GG
ot r or 8

Assuming an isotropic environment (and switching to the Cartesian coordinate system),
this means

) +2MC(E). (11)
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%(t; —2DAG = 2\CH(€) (12)

where A = V? is the Laplacian operator.
We therefore have

LG(&,1) = 2ACH(€) (13)
where £ is the linear differential operator d; — 2DA.

We can use a Green’s function H, defined with LH = §(&,t) = §(&)d(¢).

By definition, we know that G(y) = [ H(y, s)2AC4(s)ds (where y = (&,t)) is a solution
to Eq. 13.

t
Gle.)=2rC [ [ HE-€.0)6)aear
—9\C [ H(&,t)dt'. 14
/0 (&, 1)t (14

Eq. 14 can be used in Eq. 11:

8 k ! !
5 (2)\0/0 H(g,t)dt)

2D2)\CA / t H(&, t)dt' +20C6(€)  (15)
0

o /0 (aHa(f;w—szH(g,t/)) Q@ = () (16)
& / 5(E)5(t")dt’ — () 17)

which is true.

A solution for the Green’s function using £ = d; — 2DA in 2 dimensions is

1 —r2
Hrt) = 55 &P (4 X 2Dt) ' 18)

G(r,t) can then be computed:

1\ 8Dv
0

where By (z) = [ %dtis the exponential integral. Using G(r,0) = C? andlim,_, o, B = 0

T

in Eq. 19, we finally obtain

E; <8TD2t)
_ 2
G(r,t) = )\0741371_ +C (20)

A B (50
< g(rt) = C4(D7r) + 1 (21)
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Results

We were able to reproduce the three figures of Young et al. [1] highlighting the spatial
distributions of Brownian bugs.

In Fig. 1, the model has been run without the advection component and we can see
the clumping of organisms due to reproduction. In Fig. 2 a), the model has been run
without its demographic component, but with advection and diffusion, confirming that
hydrodynamics alone cannot ensure cluster formation, while in Fig. 2 b), advection,
diffusion and demography are present, in which case organisms form elongated aggre-
gates.

Fig. 3 proved much more challenging. Retrieving the analytical solutions of Eq. 4 was
difficult as there was no other equation than Eq. 3 in the original paper. We also en-
countered issues when computing the pair correlation functions on simulations: for
large values of /A, we observed zero values (absent pairs) of the pcf when U = 0. This
isa sampling effect as pcf values get very low for large distances without advection, even
though we multiplied the study area by 10 to produce Fig. 3 and counter such effects.
Despite the missing values, we can confirm that simulated and analytical pcf match (Fig.
3), with a slight underestimation by the simulations. The numerical pcf also got closer
to 1 than the analytical predictions for large values of r.
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Figure 1. Distribution of Brownian bugs at different times in a simulation with A = 1072 and
U = 0: initial conditions with a Poisson spatial distribution (a), ¢ = 1007 (b) and ¢ = 10007 (c).
Each particle is identified by a color which corresponds to the initial position on the y-axis of its
ancestor att = 0.
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Figure 2. Distribution of Brownian bugs in a simulation with advection and A = 1072, U7/2 = 0.1:
without demographic processes at t = 307 (a), and with demographic processes at ¢ = 10007 (b).
Each particle is identified by a color which corresponds to the initial position on the y-axis of its
ancestor att = 0.
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Figure 3. Logarithmic (a) and linear (b) plots of g(r,t) versus /A, with A = 107" and Ur/2 =
0,0.1,0.5,2.5 at t = 10007. To compute simulation-based values of g(r) with a large number of
points (Noy = 200,000) and avoid sampling issues, we replicated the 1 x 1 square 10 times, so
that its length is v/10 while keeping L = 1 and k = 2r/L in eq. 1 and 2. Solid lines result from
simulations, dotted lines correspond to analytical solutions and the solid grey line indicates the
r~2 scaling predicted by Eq. 3.
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Discussion

We successfully replicated both the numerical results and analytical solutions of Young
etal. [1]. Even though stochasticity prevents us from replicating exactly the same spatial
point patterns as those seen in the original Fig. 1 and Fig. 2, we considered the patterns
to be close enough to validate the replication. Fig. 3 was also very close to the one shown
in the original article, despite a slight underestimation of the pcf in simulated data.

The most challenging part of the replication was actually not to replicate the numeri-
cal results, but to find back the analytical expression of the pair density function G(r,t)
dynamics from first principles. How to derive such dynamics was indeed briefly ex-
plained in words in the original article, but the many intermediate steps involved (see
Supplementary Material) make the additional mathematical derivations presented here
worthwhile in our opinion. In addition to providing critical information to CP and FB
regarding how to obtain the pair correlation dynamics, WY also communicated the re-
quired mathematical steps to find back the analytical solutions for G(r, t) plotted in Fig.
3. We hope that the additional material on the derivation of G(r, t) dynamics (as Supple-
mentary Material) as well as the provided analytical solutions of such dynamics (now
presented in the main text) will help readers through both the original and replication
articles.

The original article did not provide quantitative values exactly matching marine mi-
crobes ecology; we thus wondered about the time and spatial scales that could be used
for a realistic phytoplankton model. The length of the square side, L, is defined roughly
as the Kolmogorov scale [2], the scale at which viscosity starts dominating turbulence
(weuse L = 1cmas an upper bound). Here, we consider k the smallest wavenumber cor-
responding to the largest length scale L, i.e. k = 27/L. The chosen length scale defines
the Reynolds number which then allows to obtain U, the velocity difference between
two points separated by a distance L.

U

Re = — 22
e D (22)
L
-1 = UL (23)
2mv
2y
U = — 24
& . (24)

where v = 107% m? s~! is the kinematic viscosity for water. These numerical values
lead to U = 6.3 x 107* ms~!. Note that U is the speed in the frame of reference of
the small square area considered here, which might itself be embedded within larger
spatial structures (e.g., large eddies) moving at higher speeds in the ocean or any large
waterbody.

To determine the diffusivity of small organisms, we use the Stokes-Einstein equation [6]:

BT 1

= — 25
N4 670 (25)

where R = 8.314 ] K~! mol~! is the molar gas constant, T' = 293 K is the temperature of
the environment, N4 = 6.0225 x 1023 is Avogadro’s number, n = 1073 m~! kg s " is the
viscosity of water and a is the radius of the organism considered. We apply this formula
to microphytoplankton organisms of diameter 50 um, keeping 7 outside of the equation
for now:
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RT T

=~ \/ N 27
N4 3mna (27)
8.314 x 293 i

- 2
6.0225 X 10537 x 103 x 25 x 106V (28)

= 13x107"y/7Tm. (29)

To compute 7, we can consider a phytoplankton doubling rate of 1 d~! [7], which means,
with p = 0.5, that 7 = 0.5 d.

This leads to Ur/2 ~ 5.4 x 103cmd ™' and A ~ 5 x 107® cm. These two values are
much higher than those used in Fig. 3 (0.1 < Ur/2 < 2.5and A = 1077). A thorough
discussion of the parameters is therefore necessary before extrapolating these results to
real phytoplanktonic systems.

As the Brownian bug model is currently fairly theoretical in its 2D formulation, a logical
next step would be to consider similar dynamics in a 3D-model, which would render the
comparison to real data easier. Using actual concentrations of phytoplanktonic organ-
isms (e.g., diatoms), between 103 and 108 C/L, this would lead to 1 to 10® organisms if we
kept L =1 cm. We might therefore need to increase the size of the considered square, or
apply the model to small bacteria only. With a closer match between field and simulated
concentrations, the model could provide us with a better picture of the likely fine-scale
spatial structure of phytoplanktonic populations.

Acknowledgements

We are grateful to Francesco Turci for comments and to Rajesh Singh for detailed feed-
back and code suggestions.

References

1. W.R.Young, A. J. Roberts, and G. Stuhne. “Reproductive pair correlations and the clustering of organisms." In:
Nature 412.6844 (2007), pp. 328-331. poI: 10.1038/35085561.

2. H.Tennekes and J. L. Lumley. A first course in turbulence. MIT press, 1972.

3. D.B.Dusenbery. Living at micro scale: the unexpected physics of being small. Harvard University Press, 2009.

4. F Peters and C. Marrasé. “Effects of turbulence on plankton: an overview of experimental evidence
and some theoretical considerations." In: Marine Ecology Progress Series 205 (2000), pp. 291-306. pol:
10.3354/meps205291.

5. R. Pierrehumbert. “Tracer microstructure in the large-eddy dominated regime.” In: Chaos, Solitons & Fractals
4.6 (1994), pp. 1091-1110. pot: 10.1016/0960-0779(94)90139-2.

6. A Einstein. “Uber die von der molekularkinetischen Theorie der Warme geforderte Bewegung von in ruhenden
Fliissigkeiten suspendierten Teilchen.” In: Annalen der physik 4 (1905). pol: 10.1002/andp.19053220806.

7. J. E. Bissinger, D. J. S. Montagnes, J. Harples, and D. Atkinson. “Predicting marine phytoplankton maximum
growth rates from temperature: Improving on the Eppley curve using quantile regression.” In: Limnology and
Oceanography 53.2 (2008), pp. 487-493. pol: 10.4319/10.2008.53.2.0487.

ReScience C 8.1 (#3) - Picoche, Young and Barraquand 2022 9


https://oadoi.org/10.1038/35085561
https://oadoi.org/10.3354/meps205291
https://oadoi.org/10.1016/0960-0779(94)90139-2
https://oadoi.org/10.1002/andp.19053220806
https://oadoi.org/10.4319/lo.2008.53.2.0487
https://rescience.github.io/

[Re] Reproductive pair correlations and the clustering of organisms

Supplementary Material

Derivation of G(r, t)

Diffusion and birth/death processes — In this section, we aim to find back from first princi-
ples Eq. 2 in Young et al. [1], i.e. Eq. 3 in our manuscript. We will first focus on the
diffusion and birth/death processes, corresponding to the evolution equation for the
pair density:

0G

0 oG
oG _ 1-a 9 [ a-190G B
5 2Dr B (r o ) + 2N — )G+ 2X\Co(8). (30)

We first define an ensemble of k identical Brownian bugs in a d-dimensional space. The
bug number p is located at @, = [x1, %2, ...x4]. At time ¢, the space is defined by (a) the
number of Brownian bugs & and (b) the vector of their locations X = [x1, @2, ...xx].
This is also called the Fock space [8].

The probability distribution over the state space is given by the functions Py (X, t) such
that:

Pi(X i, t)dX, = Pr{k bugs, with a bug in dx1,a bug in dx., etc.} (3D
As bugs are indistinguishable, we can exchange x, and x, (permutation symmetry):
Pr(@i,. ..., Tp, ..., &gy ..., Ty t) = Pr(®1,...,Zq, ..., Tp, ..., Th, ). (32)

The normalization is:

Po(t)+/P1(X1,t)dﬂ:l-"-//PQ(Xg,t)d$1d$2+...+ Pk(Xk,t)ka—l—...: 1 (33)
R2k

because having k individuals at time ¢ defines a partition of the sample space for k =
0,1,2,.... We define by(z,t) = [ Pr(x, Xj_1,t)dX r_1, i.e. by(z,t)dx is the probability
that there are k bugs and bug number 1 is in dzx.

The density of points is defined as:

pla,t) =Y kby(a,t) = Zk/m(m,xk,l,t)dxk,l. (34)
k=1 k=1
The pair correlation function is then:
G(x,y,t) = Z k(k—1) /’Pk(w, Y, Xp—2,t)dXj_o. (35)
k=2

We define the two particle distribution functions ¢ (x, y,t) = [ Pr(z, y, X—2,t)d X s_o.
Note that G(z,y,t) = > ey k(k — e (z, y, 1).

ReScience C 8.1 (#3) - Picoche, Young and Barraquand 2022 10
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Proposition

The time derivative of ¢y, is given by:

%(:I:, y,t) = DVicy (36a)
— k(XA + p)eg (36D)
+ (k + 1) pcrt (36¢)
+ 2%5(33 - y)bkfl(ili) + )\WC}C,L (36(31)

Proof

We write the evolution of Py (X, t):

o = DViP (37a)
— k(A + p)Pr (37D)
(b D / Por (X iy, D)dy (37¢)
Nk ok
+ k Z Z 6(xp — ®q) Pr—1(Xkip,t) (37d)
p=1q=1,q#p
where V} = 3% + 9872% +...F % + 59;]% in two dimensions and X, = X, without ,,.

Here, Eq. 37ais the diffusion part of the process, Eq. 37b corresponds to the rate at which
realizations with &k bugs lose a bug by mortality or gain a bug through birth, Eq. 37¢ cor-
responds to the rate at which realizations with k41 bugs lose a bug. Finally, a realization
with k bugs can also be produced by a birth in a realization with & — 1 bugs.

Combining the time derivative of Py (X, t) with the definition of ¢, we obtain:

0
%(xayat) = D/Vipk(xvyaxk—Qat)ka—Q (383)
— k(A + ) / Pr@,y, X2, )X s (38b)
+ (k + 1):“/,Pk+l(ma Y, Xk—27 z, t)ka—de (38C)
)\ k k
2 [ ey P (X)X (@30
p=1q=1,q#p

We will treat one term after the other.

Diffusion term (38a)
D / V%Pk(ill, Yy, Xk727 t)ka72 - sz /,Pk(wv Yy, Xk727 t)ka72 (393)

= DV; / Pr(x,y, Xp—2,t)dX—a  (39D)

= DV3c¢y, (39¢)
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because we already integrate over k — 2 coordinates (and thus Laplacians for these co-
ordinates are zero).

Second term (38b)

E(\+ p) /Pk(:c,y,Xk,g,t)ka,g =k(A+ p)ck. (40)

Death term (38c)

(k + 1)M/Pk+l(m7 Y, Xk’—27 z, t)ka_de = (k + ]')H/Pk+l(m7 Y, Xk—la t)ka—l
(41a)
= (k+ Dpcki1. (41b)
Birth term (38d)

In this section, we assume x = x; and y = x5 (the reasoning is the same for different
positions of x and y due to permutation symmetry).

We can decompose the double sum, starting with p = 1.

k
Zé(a)l — xg)Pr_1(x2, ..., Tk, t) = 6(x1 — x2)Pr_1(22, ..., Tk, t) (42a)

q=2

+6(x1 — x3)Pr—1(x2, ..., Tp, ) (42b)

+... (42¢)

+6(x1 — k) Pr-1(x2, - - -, T, ). (42d)

We integrate over the last k£ — 2 coordinates.
k
/26(:81 — ) Pr_1(x2, ..., xk, t)das .. . dzy, (43a)
q=2

2/5(331 —:132)73]@,1(332,...,:Bk,t)dwg...dwk (43b)

+ /5(:131 — wg)Pk_l(wg, e, Tk, t)d:l:g, coodxg + . (43c)

+ /5(1:1 @) e (s, T ) ds . .. ds (43d)
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which leads to
k
/Z(S(ml —xy)Pr_1(x2,...,xk, t)des . .. dzy, (44a)
q=2
= d(x *CCQ)/Pk_1($2,...,mk,t)dmg...d.’llk (44b)
+/77k71(a:2,m1,...,mk,t)dw4...dazk +... (44c)
-&-/Pk,l(xg,...,:l:ht)dwg...d:cl (44d)
— (w1 — a2) /Pk,l(xz, e t)das . da (44¢)
+ /Plcfl(wl,wQanvat)ka*?) LERE (44)
+/Pk_l(:cl,wg,Xk_g,t)ka_3 (44g)
=6(x1 — x2)br—1(x2) + (K — 2)c_1. (44h)

By symmetry, if p = 2, we obtain §(x; — ®2)bg_1(x1) + (K — 2)ck_1.

Now, we need to use p > 3.

k
/ Z 0xp — xg)Pr1(1, ..., Tp_1, Tpt1,..., &k, t)dxs ... do) (45a)
q=1,q#p
:/§(£Cp*:Bl)Pk—l(IBl,...,mp_1,$p+1,...,:Bk,t)dirg...dﬂ}k (45b)
—|—/5(:cp—wg)Pk,l(wl,...,a:p,l,a:pﬂ,...,wk,t)dmg...dwk—I— (45¢)
—|—/5(:1:p—:cg)??k,l(wh...,:cp,l,a:pﬂ,...,mk,t)dwg...dwk—|—... (45d)
+/5(azp—a:k)Pk,l(azl,...,:Bp,l,wpﬂ,...,mk,t)dmg,...dwk (45e)

:/(5(:131,—.71:1)617:131,/7316_1(1:1,:1:2,...,acp_l,acﬁl,...,m;.c,t)dzg...dacp_lcl.al:erl...dalc;.c

(45f)

+ /5(scp - m2)dscp/73k_1(:c1, T2, Tp1, Tpt1,s- -, T, t)des .. drp_1dxpi ... dxy
(45g)
+ /’Pk_l(ml, T2, Tp, ..., Lp_1,Tpi1,.. ., Lk, t)dxa. .. dey + ... (45h)
+ /’Pk,l(ml, L2,y Lp_1,Lp41,---,Lp, t)dfl:g . dd?k,l (451)
22/qu(whwz,kaa,t)kaf:s (45))
+ (k= 3) /7’1971(1317 T2, Xk-3,t)dX -3 (45Kk)
=2cp—1+ (k= 3)ck—1 (451)
=(k —1)cg_1. (45m)
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Thus, Y8 4 3, [ 0(xp — ) Prot (X ipp)dX ooz = (k — 2)(k — D)er_1.

Finally, the birth term is

A A kE—2)(k+1
% (26(m—y)bk_1(x)+2(k—2)ck_1+(k72)(kfl)ck_l) = 2E5(mfy)bk_1(a:)+)\w
(46)
Combining all terms, we obtain the expected result:
% (w,y.1) = DV3ey (472)
— k(A + pek (47Db)
+ (k + 1)pcrsn (47¢)
A k—2)(k+1
+226( — y)b 1 (2) + A%CH. (47d)

Proposition

In Cartesian coordinates, the pair density admits the following evolution equation:

oG
E(m, y,t) = DV2G + 2(\ — )G + 2)\5(x — y)p(x).

Proof

Using the definition of G(«, y, t) and Eq. 36a-36d:

oG >
o (@) = > k(k—1)DV3ey =T1
k=2
—Zk(k— k(A + p)ex =712
k=2
+ 3 k(= 1)(k + Dperi =T3
k=2
+ i k(k — 1)255(w — yY)bg—_1(x) =T4
k=2 k
= E—2)(k+1
+ Nk(k - 1)%%,1 =T5
k=2
T1 T1=DV3Y 2, k(k —1)cx = DV3Gy,
T3
T3 =3 k(k—1)(k+ 1)ucks
k=2
= > (K = 1)K = 2)k pe withk' =k +1
k'=3
= > (K = 1)K = 2)k pew ifk =2k —2=0

X
/|
v
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T4
T4 =2)5(x —y) Y (k—1)bp_1(x) (51a)
k=2
=2\(z —y) Y Kby () with & =k —1 (51b)
k=1
=2\0(z — y)p(x) (51c)
T5
k+1
T5—)\Zk; -1) )kf )c,H (52a)
=\ Z K (K" — 1) (K" + 2)cpr withk” =k —1 (52b)
k=1
=\ Z E' (K" = 1)K + 2)cpn ifE' =1,k -1=0 (52¢)
k'"=2
T2+T3+T5
T2+ T3+T5=Y —k(k—1)k\+ pex + (k= 1)(k — 2)kpcx, + k(k — 1) (k + 2)Ack
k=2
(53a)
= k(k— Der(=k(A+ p) + (k= 2)p+ (k+2)A) (53b)
k=2
=20\ =) > k(k - 1)ex (53c)
k=2

T1+T2+T3+T4+T5 Combining all terms, we have

%—Cj(m,y, t) = DVaG (54a)
+2(\ — p)Gy, (54Db)
+2X6(x — y)p(x). (54¢)

We can write the diffusion term in Eq. 54a, DV2G where V3 = 60—;2 + 88—; + 367;; + 06722:

1 1 2 J2
with a more classical Laplacian operator. Hereafter, we use the notations z and y for
coordinates, as opposed to positions x and y. We define two points at positions p; =
(w1,71)T and pa = (w2,%2)7, and the vectors & = p; — p2 and X = (p; + p2) /2. Along z,
the correspondence between coordinates is as follows:

& =1 — T2 T
X _ Ti1txo =
. =T g Z2

which can be derived as

X,
Xz

w"“w‘”’
Py
(@51
)

if 9 +1 9 ﬁﬁfﬁ+lﬁ+i (56)
o1, 0& | 20X, 0z 062 ' 40X2 ' 06,0X,
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and

o __ 8,10 & & 18 & 7
dxg  0& 20X, 03 0&  40X2  0,0X,

Therefore

0? 0? 0% 1 67
TIE%‘F@—Q@—FiTX%. (58)

With the same arguments,
0? 0? 0% 1 0°

Z 42 _9Z 4 7
o "o " ‘o2 T aox2 (59)

and, finally,
8724_672_'_672_*_672—2 872_'_872 _;’_1 8724_872 (60)
ox3 ~ 0yi 0z Oyi  T\9&L2  0&2 2\0X2 0Xx%)’

As the environment is homogeneous, 68)5; = gjg = aa)gy = ax? =0.

We can thus write DV3G(p1, pa2,t) = 2DV2G(&,t). The Laplac1an formulation we have
used above corresponds to Cartesian coordinates. Its equivalent in polar coordinates is

V3G =12 (r%¢) + 4 2°¢  As the process is isotropic, 2.8 = 0. Finally, we can write

or r2 062
9 2D 0 6£
2DV3G(E,t) = el L (61)

with r = |€|.

Advection process — The stretching of line elements considered by Kraichnan [9] leads to
the following term for the advection process:

G 40 (400G
a " or (T ar ) (62)

We show below that this equation corresponds indeed to the convection of passive scalars
in the Batchelor regime envisioned by Kraichnan [9]. Let r(t) be the distance between
two points as a function of time, which follows a geometric Brownian motion as we
are in the Batchelor regime, and ¢(t) = log(r(¢)/r(0)). Kraichnan defines Q(q) as the
probability distribution of q. We have Q = r¢G, leading to

oG 9 1 0Q —d—1

— == = . 63

or  Or (Q/T ) rd or +Q(=d)r (63)
Now oG  9Q 0Q

di = — = _ _—
"ot ot or < ar dQ) (64

We have jq = 1 5o that using % = %% we obtain

0Q oQ Q- 8Q

ot~ oq <a dQ) =% % (65)

which is the Fokker-Planck equation with diffusion coefficient v (noted ¢ in [9], and also
called the stretching parameter) and drift vd (noted < a > in [9]). Eq. 65 leads to Kraich-
nan’s solution for pair separation (Eq. 2.31 in [9]), with drift and diffusion coefficients
linked by Eq. 2.27 and 2.33 in [9].

Combining Eq. 62 with Eq. 30, we obtain Eq. 3.
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Stretching parameter ~

7 is computed with simulations, using the formula r(t) o« exp(ydt) — % In(r(t)) = 4t if
d = 2, with r the separation between pairs of particles. « is estimated as the slope of

5 (In(r()) = £(1

with (In(r(t))) the average obtained from 800 pairs of particles.

800
1

vt, (In(r(t)) = 555 > In(r(@y(t) — @2p(t)))

where r(x1,(t) — ®2,(t)) is the distance between a particle 1p at position 1, and its
counterpart 2p, initialized with 7(0) = 10~"Vp (see Fig. 4 for vy estimates).

Ut/2=0, y=—2.82e-15 Ut/2=0.1, y=0.0264
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Figure 4. Estimates of ~y for different Ut /2.
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